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LETTER TO THE EDITOR 
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Abstract We study the defect Structure of quantum Monte Carlo simulations of a lwo- 
dimensional elemon gas in the crystalline phase. A finite density of dislocation pairs exists 
even before the melting takes place. The disloealjon pair density in the solid increases gradually 
as the electron gas parameter r, is increased and is much higher than that in the related problem 
of flux-line lattice melting. 

There has been much interest in the low-density limit of a two-dimensional (ZD) electron gas. 
This provides a theoretical model to understand the many-body physics of several important 
applications. The pioneering ideas for the behaviour of low-density electron systems were 
put forward by Wigner. According to his argument the electrons may form a solid of lattice 
constant a0 (also n = l/na,” where n is the areal density of electrons) at low densities due 
to the interplay between the kinetic energy cost to localize an electron and the Coulomb 
energy. Defining the dimensionless electron gas parameter r, = @/aB where ae = R2e/me2 
is the Bohr radius, one can show that the kinetic and potential energies are proportional to 
l / r :  and l / r s ,  respectively. Thus at low densities (large rs) the potential energy dominates, 
favouring the crystal phase, and at high densities (small rs) the kinetic energy determines 
the liquid phase. The experimental observation of the melting of a ZD electron crystal is 
achieved in the classical regime for a layer of electrons on the surface of liquid He [l]. The 
melting of quantum.crystals is studied for a 2D electron gas in GaAs heterostructures and 
Si MOSFETs under a strong magnetic field and in Si MOSFETs in zero field [2]. 

The variational [3]  and diffusion Monte Carlo [4] simulations of a ZD electron system 
were performed to investigate the ground-state properties at T = 0. A solid-to-liquid 
melting transition is found 141 to occur at r, = 31 j, 5 by comparing the energy of the two 
phases. Here we repeat similar Monte Carlo (Mc) calculations to study the role played by 
defects in the melting process. In the diffusion MC calculation, the time development of 
the product of the ‘exact’ wave function and a variational wave  function^ is studied. In this 
letter, this variational wave function is taken to be appropriate for the solid phase, which 
consists of a product of a Slater determinant of Gaussian orbitals located at lattice sites and 
a Jastrow-type correlation factor. This is what is meant by saying we are ‘in the solid‘ 
phase in the following. 

Chui and Esfarjani [SI have proposed a mechanism of spontaneous generation of 
dislocations for the melting of a quantum solid in 2D at zero temperature. Their predicted 
melting density agrees very well with MC simulations [4] and experimental results [6] .  They 
also proposed that a bound dislocation pair provided for activated longitudinal transport [SI, 
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non-activated Hall transport [7], and non-linear transport that can depend on the external 
electric field to the 2 power 171; all in reasonable agreement with experiment. In a related 
system of flux-line lattices a similar melting mechanism was proposed [8] and the defect 
structures of MC simulations were analysed [9] to test these ideas. 

(b) r,=50 N=120 (a) r,=40 N=56 

(c) r,=75 N=80 

Figure 1. Delaunay triangulations of positions of electrons 
for typical Mc-simulation-generated configurations. The 
electcon density and systems sires are such that (a) rr = 40, 
N = 56; @) r, = 50, N = 120; (c) r, = 75, N = 80. Filled 
(open) circles indicate particles with seva (five) neighbours. 

Intrinsic defects occur naturally in ordinary solids due to thermal fluctuations. Quantum 
fluctuations can also induce the formation of defects. In order to demonstrate the importance 
of dislocations, we analyse the configurations generated in the MC simulations of a 2D 
electron gas in tems of Delaunay triangulations [lo]. The Delaunay triangulation is the 
problem of joining N points in the plane by non-intersecting straight lines so that every 
region inside the boundary of the points is itself a triangle [IO, 111. In figure 1 we depict 
typical configurations for the ZD electron crystal at various r, values. Particles with seven 
neighbours are identified by filled circles, whereas those with five neighbours are identified 
by open circles. A declination in these zD systems is represented as a particle with either 
five or Seven nearest neighbours. A dislocation, on the other hand, is identified as a bound 
dislocation pair, with five or seven neighbours next to each other. Figure l(a) shows a 
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configuration at r, = 40, which is close to the melting point (melting occurs at r, = 37 zk 5 
for a pure system [4]) for an N = 56-particle system. Figure I@) shows a configuration at a 
lower density (rs =SO), when the N = 120-particle electron system is in the crystalline phase. 
We observe that a finite number of bound dislocation pairs exist before the melting takes 
place. At even lower densities (rs = 75), the dislocations remain as shown in figure l(c). 
These observations from the configurations of MC simulations of a 2D electron gas are in 
contrast with what is obtained for flux-line lattices. 

In figure 2 we show the average density of defects as a function of electron density in 
units of the melting density. The data were collected for -1000 steps per particle in the 
diffusion MC after an initial run of -500 steps per particle in the variational MC. The average 
density of disclinations having five nearest neighbours is given in figure 2(a) for various 
lattice sizes. As we have seen directly from the typical configurations above, the defect 
density decreases gradually as r:/rs is decreased (r: = 37 denotes the melting density), 
largely independent of the system size. Also shown in the same figure (the solid line with 
large error bars) is the corresponding defect density for the flux-line lattice 191 as a function 
of temperature in units of the melting temperature. The qualitative difference between the 
two cases is evident. As the density of disclinations vanishes below the melting point for the 
flux-line system, it remains finite for the electron system. Figure 2(b) shows the average 
density of disclinations with seven nearest neighbours, yielding similar behaviour. The 
defect densities in figure 2 are calculated from a large number of configurations generated 
during the MC Tuns, and the error bars indicate the statistical fluctuations. The number of 
fives and the number of sevens are not always equal to each other. An example of this is 
seen in the upper right hand corner of figure I(a). We do not completely understand this 
result. There are several possible explanations. (i) In a finite-size system, the strain energy 
involved in creating isolated disclination ut somejinite time intervul is finite. (ii) The local 
disturbance may be large enough that the interpretation,in terms of Delaunay triangulation 
and disclinations may not be adequate. (iii) Image effects and the vector nature of the defect 
conspire to effect a net cancellation of the net strain. 

Applying periodic boundary conditions to our finite-size simulation boxes, we calculate 
the average distance betwen a pair of observed disclinations. Figure 3 displays (dpss) as 
a function of the electron gas parameter r, for different-size systems. In all cases examined 
the average size of the dislocation pair (or the average distance between two disclinations) 
gradually decreases as the melting point (rs - 40) is crossed. The curves in figure 3 are 
obtained from the results of MC simulations for electrons in the crystal phase. 

Our data do not indicate appreciable separations between the dislocation pairs in the 
solid phase. We suspect that there is a finite barrier for the pairs to separate, thus making 
it difficult to observe the separation with the simulation time that we have used. 

The finite density of closely bound dislocation pairs in the ground state can come 
about because of the non-zero overlap between the phonon and dislocation wave functions. 
We have recently studied the physics of dislocation waves [I21 and found that the wave 
function IC) of a dislocation pair located at CI, c2 can be approximated by the ground- 
state phonon wave function [G) but with the electrons displaced by static displacements 
ui[exp(ikcl) - exp(ikc2)l due to the intrinsic defect 

.. 
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Figure 2. (a) The avenge density of five-neighbour declinations as a function of r, scaled with 
the melting point r: = 37. Solid. dotted, and dashed lines are for N = 56-, SO-, and 120-particle 
systems. respectively. The e m r  bars are due to slat ist icd averaging over many configurations. 
Also shown, by a solid line with large e m  bars. is the defect density for a flux-line lanice as 
a function of temperature in units of melting temperature. (3) As (a) for the seven-neighbour 
disdination density. 

where bk N "J2.  up is the Fourier transform of the static displacement due to a 
dislocation at the origin. We estimate the overlap between IC) and IG) to be (Glc) ci 
exp[- xi wiSc?], where wi = xk b~]u~l*k~. To illustrate the numerical value of w ,  we 
take 6cy to be zero and the Burger vector to be along thex direction. w, Y 6 . 4 ~  10-2&/u,$ 
which is significant only if the dislocations are separated so that 6c, a0 and Sc, = 0. 
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Figure 3. The average distance between five-neighbour and seven-neighbour disclination pairs 
as a function of rs. Solid, dotted. and dashed lines are for N = 5 6 ,  80-, and 120-panicle system, 
respectively, with the error bars originating from statistical averaging over many configurations. 

This significant overlap, coupled with the fact that the net core energy of a dislocation pair 
is rather small, provides for a significant density of closely bound dislocation pairs. The 
data presented here indicate the presence of defects at different time slices only and are not 
a direct proof of an eigenstate, however. 

The finite density of dislocation pairs lends support to the importance of dislocation 
pairs in the solid and its possible implications for the transport properties [5,7]. Because 
we are in the solid phase, the present result does not provide for direct evidence of the 
melting mechanisms of Chui and Esfarjani [5]. 

We now discuss briefly the similarities and differences with flux-line lattice melting, and 
the nature of the melting transition for 2D elecnon systems: The core energy in the flux-line 
lattices [13], which includes the thermal fluctuation effects, is substantial at the melting point. 
The corresponding dislocation core energy for the electron system is much smaller. We think 
the difference between the core energies gives rise to the distinguishing characteristics in the 
defect density. For small core energies, the system favours the generation of dislocations, 
which form grain boundaries, whereas for large core energies the unbinding of dislocation 
pairs becomes more advantageous. The smallness of the core energy for a 2D electron 
system gives some clues to the understanding of the nature of melting transition. Although 
classical melting 1141 of the Wigner crystal at high temperature is found to be a continuous 
transition, MC simulations [15] record hysteresis effects and suggest a first-order transition. 
The transition from continuous to discontinuous behaviour was found [I61 to occur at 
Ec/kBTKT = 2.84, where TKT is the Kosterlitz-Thouless temperature. In the case of classical 
electrons Ec/kBTKT = 4.8 at r, = 37, thus a continuous transition is expected. In the quantum 
l i t ,  the dislocation wave function has a wider spread, which reduces the core energy by an 
order of magnitude. This leads us to believe the transition to be discontinuous. In contrast 
to the finite-temperature case, there can be long-range order at zero temperature in 2D. A 
transition with a weak discontinuity is indicated in a recent experiment 1171. 
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